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REAL HYPERSURFACES IN Qm WITH COMMUTING
STRUCTURE JACOBI OPERATOR
N. HEIDARI, S.M.B. KASHANI, AND M.J. VANAEI
Abstract. In this paper we study real hypersurfaces in the com-
plex quadric space Qm whose structure Jacobi operator commutes
with their structure tensor field. We show that the Reeb curva-
ture α of such hypersurfaces is constant and if α is non-zero then
the hypersurface is a tube around a totally geodesic submanifold
CP k ⊂ Qm, where m = 2k. We also consider Reeb flat hyper-
surfaces, namely, when the Reeb curvature is zero. We show that
the tube around CP k ⊂ Qm (m = 2k), with radius pi
4
is the only
Reeb flat Hopf hypersurface with commuting Ricci tensor and also
the only one with commuting shape operator. Finally, we prove
that there does not exist any Reeb flat Hopf hypersurfaces with
non-parallel Killing Ricci tensor.
1. Introduction
One of the main research interests in the submanifold geometry is
investigating interactions between submanifolds and some given geo-
metric structures on the ambient space.
Let M¯ be a Ka¨hler manifold with the almost complex structure J
and M ⊂ M¯ be a real hypersurface. Then J induces the orthogonal
decomposition TM = C⊕span{ξ} where C = span{ξ}⊥ is the maximal
complex subbundle of TM and the vector field ξ, known as the Reeb
vector field, is defined by ξ = −JN for some unit normal vector field N
on M . Indeed, there is an almost contact metric structure (φ, ξ, η, g)
induced on M where φ denotes the tangential component of J on M ,
η is the dual one form of ξ and g indicates the induced metric tensor
on M . A Real hypersurface whose shape operator preserves the above
decomposition of TM is referred to as a Hopf hypersurface.
In some known examples of homogeneous Ka¨hler manifolds it has
been shown that Hopf hypersurfaces are related to tubes around com-
plex submanifolds. For example, according to Okumura [12] the Reeb
flow of a real hypersurface M in the complex projective space CPm is
isometric if and only if M is an open part of a tube around a totally
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geodesic CP k ⊂ CPm for some k ∈ {0, . . . , m− 1}. In the case of sym-
metric spaces with rank greater than one, Berndt and Suh [1] proved
that the Reeb flow on a real hypersurface in the complex 2-plane Grass-
mannian G2(C
m+2) = SUm+2/SUmSU2 is isometric if and only if the
hypersurface is an open part of a tube around a G2(C
m+1) ⊂ G2(Cm+2).
Another Hermitian symmetric space of rank 2 is the complex quadric
space Qm = SOm+2/SOmSO2. The complex quadric space Q
m has
some distinguished properties as it is the only compact parallel hyper-
surface in CPm+1 which is not totally geodesic (see [11]). Moreover, it
can also be described as a real Grassmann manifold of compact type
with rank 2 ([8]). Accordingly, apart from the complex structure J , Qm
admits a parallel complex line bundle A which contains an S1-bundle
of real structures, namely, complex conjugations on the tangent spaces
of Qm. For m ≥ 2, (Qm, J, g) is a Hermitian symmetric space of rank
2 with maximal sectional curvature 4 ([14]).
In comparison to CPm and G2(C
m+2), classification of real hypersur-
faces with isometric Reeb flow in Qm is different. In fact, it is shown
in [2] that such hypersurfaces are open part of tubes around a totally
geodesic CP k ∈ Qm, with m = 2k (see Theorem 2.2).
One of the notions that have commonly been used to study geometry
of submanifolds is Jacobi operator (see for example [5], [6], [7], [9]). Let
∇ denote the Levi-Civita connection onM with respect to the induced
metric g. Then for a given unit vector field X on M the associated
Jacobi operator is defined by RX = R(., X)X where R stands for the
Riemannian curvature tensor field ofM . The notion of Jacobi operator
is related to Jacobi vector fields which are known to involve many
significant geometric properties. Jacobi vector fields are solutions to
the Jacobi differential equation ∇γ′(∇γ′Y ) + R(Y, γ′)γ′ = 0 along a
geodesic γ in M with the velocity vector field γ′.
For real hypersurfaces in Ka¨hler manifolds the so-called structure Ja-
cobi operator Rξ is of special importance. Cho and Ki [5] classified real
hypersurfaces in CPm with commuting structure Jacobi operator i.e.,
Rξφ = φRξ under the condition that Sξ is a principal curvature vector
where S is the shape operator of the hypersurface. They proved that
such hypersurfaces are congruent to tubes around a totally geodesic
CP k ⊂ CPm with 1 ≤ k ≤ m− 1. In the complex 2-plane Grassman-
nian G2(C
m+2), which has three structure tensors φi, 1 ≤ i ≤ 3 due
to its quaternionic Ka¨hler structure J, it has been proved that there is
no real Hopf hypersurface whose structure Jacobi operator commutes
with φi, 1 ≤ i ≤ 3 (see [6]). In this paper we investigate real hypersur-
faces with commuting structure tensor in the complex quadric space
Qm. We consider the general case without assuming that the hyper-
surface is Hopf. First, we prove that the normal vector field N on M
is A-isotropic everywhere (Proposition 3.1). Then we show that M is
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a Hopf hypersurface (Proposition 3.2) and consequently its Reeb cur-
vature function defined by α = g(Sξ, ξ) is constant (Proposition 3.3).
We then consider two cases; first when α is non-zero, where our first
classification result states
Theorem 1.1. Let M be a real hypersurface in Qm with commuting
structure Jacobi operator and non-zero Reeb curvature. Then, m is
even, say m = 2k, and M is a tube around a CP k ⊂ Qm.
Then, we suppose that the hypersurface M is Reeb flat, namely
α = 0. Note that by equation (17) a Reeb flat Hopf hypersurface
has commuting structure Jacobi operator and thus we can drop the
condition Rξφ = φRξ from our assumptions in this case. In most
studies on Qm concerning the Reeb curvature function, the case of
α = 0 has been excluded. In this paper we give some characterizations
for Reeb flat hypersurfaces in terms of their shape operator and Ricci
tensor.
According to [2] for real Hopf hypersurfaces inQm the shape operator
is commuting (Sφ = φS) if and only if the Reeb flow of M is isomteric
or, equivalently, if M is an open part of a tube around a CP k ⊂ Qm,
with m = 2k. The tubes around CP k ⊂ Qm are of radius 0 < r < pi/2.
In Proposition 4.2 we show that if a non-zero λ is an eigenvalue of
the shape operator of a Reeb flat real Hopf hypersurface then so is 1
λ
.
Using that we prove
Theorem 1.2. Let M be a Reeb flat real Hopf hypersurface in Qm.
Then, the shape operator of M is commuting, i.e. Sφ = φS, if and
only if m is even, say m = 2k, and M is a tube of radius pi
4
around a
CP k ⊂ Qm.
It follows from Proposition 4.3 that the family of Reeb flat real Hopf
hypersurfaces in Qm in some sense lies between the family of contact
hypersurfaces in one side, and some of the known families of almost
contact hypersurfaces such as co-symplectic and (nearly) Kenmutso
hypersurfaces on the other side. In fact, if a real hypersurface M is
contact then dη does not vanish identically at any point. We recall
that M is called a contact hypersurface if there exists an everywhere
non-zero smooth function ρ on M such that dη = 2ρω where ω is the
fundamental 2-form defined by ω(X, Y ) = g(φX, Y ). On the contrary,
a necessary condition for a real hypersurface to be co-symplectic or
(nearly) Kenmutso is that the distribution C be integrable or equiva-
lently dη ≡ 0. In Proposition 4.3 we show that for a Reeb flat real Hopf
hypersurface M ⊂ Qm, dη does not vanish identically, at any point,
but M is not contact.
Our next result demonstrates another unique feature of the tube of
radius pi/4 around CP k as a Reeb flat hypersurface:
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Theorem 1.3. Let M be a Reeb flat real Hopf hypersurface in Qm.
Then Ricφ = φRic if and only if m is even, say m = 2k, and M is a
tube of radius pi
4
around a CP k ⊂ Qm.
In Proposition 4.4 we determine eigenvalues of shape operators of
Reeb flat Hopf hypersurfaces with parallel Ricci tensor in Qm. It is
a correction to Theorem 1.2 of [17]. In that theorem the values ±√3
are missing as principal curvatures of Reeb flat hypersurfaces. Be-
sides correcting that mistake, our proof of Proposition 4.4 which uses
Proposition 4.2 is different and shorter than that of Theorem 1.2 in
[17]. In the case of non-parallel Ricci tensor we prove the following
non-existence theorem:
Theorem 1.4. There does not exist any Reeb flat real Hopf hypersur-
face in Qm with non-parallel Killing Ricci tensor.
Our last result, Proposition 4.5, states that principal curvatures of a
Reeb flat hypersurface is constant along the Reeb vector field and its
shape operator is Reeb parallel.
The paper is organized as follows. In Section 2 we provide prelimi-
naries on Qm and real hypersurfaces in it. The proofs of the results are
given in sections 3 and 4. In Section 3 we get some general equations
and results for real hypersurfaces in Qm with commuting structure
Jacobi operator, although the section concludes with a classification
result for the case of non-zero Reeb curvature. In Section 4 we focus
on Reeb flat real Hopf hypersurfaces in Qm.
2. Preliminaries
In this section we provide preliminaries including what is needed on
Qm and its real hypersurfaces. One can find the details in [2, 4, 15, 14].
2.1. The Complex Quadric. We denote by CPm+1 the (m + 1)-
dimensional complex projective space equipped with the Fubbini-Study
metric. Then, with the homogeneous coordinates z1, . . . , zm+1 on CP
m+1,
the complex hypersurface defined by the equation z21 + · · ·+ z2m+1 = 0
endowed with the induced Ka¨hler structure (g, J) from CPm+1 is a
compact Hermitian symmetric space of rank two known as the com-
plex quadric Qm. The two-dimensional complex quadric Q2 is isometric
to S2 × S2. In this paper we assume m ≥ 3.
For a non-zero vector z ∈ Cm+2 let [z] denote the complex line
spanned by z, that is [z] = Cz. Then, through the canonical iden-
tification the tangent space to CPm+1 at [z] is given by T[z]CP
m+1 =
Cm+2⊖ [z] where Cm+2⊖ [z] denotes the orthogonal complement of the
subspace [z] in Cm+2. It then follows that for [z] ∈ Qm we can iden-
tify T[z]Q
m with Cm+2 ⊖ ([z] ⊕ [z¯]) = T[z]CPm+1 ⊖ [z¯]. In particular,
z¯ ∈ ν[z]Qm is a unit normal vector of Qm in CPm+1 at [z] ∈ Qm.
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For any unit vector ζ ∈ ν[z]Qm the shape operator Aζ of Qm is a
conjugation on T[z]Q
m, that is, Aζ is an anti-linear involution. The op-
erator Aζ anti-commutes with the complex structure J , AζJ = −JAζ ,
and we have the decomposition
T[z]Q
m = V (Aζ)⊕ JV (Aζ) ,
where V (Aζ) and JV (Aζ) are, respectively, the (+1) and (−1)-eigenspace
of Aζ . For ζ = z¯ one gets V (Az¯) = R
m+2 ∩ T[z]Qm and JV (Az¯) =
iRm+2 ∩ T[z]Qm.
The set A = {Aζ : ζ ∈ νQm} of shape operators of Qm forms a
parallel rank two subbundle of the endomorphism bundle End(TQm),
that is, for a certain 1-form q defined on T[z]Q
m, [z] ∈ Qm we have
∇¯A = JA ⊗ q, where ∇¯ denotes the induced connection from CPm+1
on Qm. The subset A0 = {λA : λ ∈ S1 ⊂ C} of A is a S1-subbundle of
conjugations and we have V (λA) = λV (A).
From the Gauss equation for the complex hypersurface Qm ⊂ CPm+1
one gets the following formula for the Riemannian curvature tensor R¯
of Qm in terms of its Riemannian metric g, complex structure J and a
generic conjugation A in A:
R¯(X, Y )Z =(X ∧ Y )Z + (JX ∧ JY )Z − 2g(JX, Y )JZ (1)
+ (AX ∧ AY )Z + (JAX ∧ JAY )Z
for any X and Y tangent to Qm, where
(U ∧ V )Z = g(V, Z)U − g(U,Z)V.
A non-zero vector W ∈ T[z]Qm is said to be singular if it is tangent
to more than one maximal flat in Qm. For the complex quadric Qm a
non-zero vector W is singular if and only if either W ∈ V (A) for some
A ∈ A[z] or g(W,AW ) = g(AW, JW ) = 0 for some (and hence, any)
A ∈ A[z]. In the first case W is called a A-principal singular vector and
in the second case it is known as a A-isotropic singular vector.
For each unit tangent vector W ∈ T[z]Qm there exist a conjugation
A[z] and orthonormal vectors X, Y ∈ V (A[z]) such that
W = cos(t)X + sin(t)JY ,
for some unique t ∈ [0, pi
4
]. The number t is called the A-angle or
characteristic angle of W and the vector W is A-principal, respectively
A-isotropic, if and only if its A-angle is 0, respectively pi
4
.
2.2. Real Hypersurfaces in the complex quadric. Now let M be
a real hypersurface of Qm. Fix a (local) unit normal vector field N
on M . Then the unit vector field ξ = −JN is tangent to M and
is known as the Reeb vector field of M . We denote its dual 1-form
with η given by η(X) = g(X, ξ) for any X ∈ TM . The tensor field
φ on M defined by JX = φX + η(X)N , with X ∈ TM , determines
the tangential component of J and is called the structure tensor field
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of M . The hypersurface M together with the structure (φ, ξ, η, g) is
an almost contact hypersurface of Qm. The distribution C = ker η is
the maximal complex subbundle of TM and the tangent bundle TM
splits orthogonally into TM = C ⊕ Rξ. The tensor φ coincide with
the complex structure J restricted to C and φξ = 0. Given any X , Y
tangent to M , one has
(∇Xφ)Y = η(Y )SX − g(SX, Y )ξ, ∇Xξ = φSX (2)
where ∇ denotes the induced connection and S stands for the shape
operator of M in Qm.
Let B and θ denote the tangent components of A and JA, respec-
tively, that is AX = BX + g(AX,N) and
JAX = θX + g(JAX,N)N = θX + g(X,Bξ)N
Then using (1) and the Gauss equation for the hypersurface M in Qm
one gets the following formula for the curvature tensor of M :
R(X, Y ) = X ∧ Y + φX ∧ φY − 2g(φX, Y )J +BX ∧ BY
+θX ∧ θY + SX ∧ SY (3)
At each point [z] ∈M let Q[z] denote the maximal A-invariant sub-
space of T[z]M given by
Q[z] = {X ∈ TM : AX ∈ T[z]M for all A ∈ A[z]}
The following lemma describes Q[z].
Lemma 2.1 ([2, 16]). Let M be a real hypersurface in Qm with unit
normal vector field N . Then
(i) The followings are equivalent:
(1) The normal vector N[z] is A-principal;
(2) Q[z] = C[z];
(3) for some A ∈ A[z], AN[z] ∈ CN[z];
(4) for some A ∈ A[z], AN = N .
(ii) If N[z] is not A-principal, then there exist a conjugation A ∈
A[z] and orthonormal vectors X, Y ∈ V (A) such that N[z] =
cos(t)X + sin(t)JY for some t ∈ (0, pi
4
] and we have Q[z] =
C[z] ⊖ C(JX + Y ).
(iii) If N[z] is A-isotropic, then there is a conjugation A ∈ A[z] such
that N[z], ξ[z], AN[z] and Aξ[z] are pairwise orthogonal and Q[z] =
C[z] ⊖ (RAN[z] ⊕ RAξ[z]).
Moreover, for a given point [z] ∈M if N is A-principal, respectively
A-isotropic, in a sufficiently small neighborhood U ⊂M around [z] then
a section A ∈ A0 can be chosen such that AN = N , respectively AN ∈
C, in U . Otherwise there exist a sufficiently small neighborhood U of
[z] in M and a section A ∈ A0 such that g(AN, ξ) = 0 in U . In what
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Table 1. Eigenvalues of the shape operator of M
Eigenvalue Eigenspace Multiplicity
t cot(2r) Rξ 1
0 C ⊖Q 2
− tan(r) TCP k ⊖ (C ⊖ Q) 2k − 2
cot(r) νCP k ⊖ CνM 2k − 2
follows we always consider such a section when the normal vector is A-
principal or A-isotropic. Note that if N is not A-principal (A-isotropic)
at [z] then it is not A-principal (A-isotropic) in a neighborhood of [z].
If any integral curve of the Reeb vector field ξ is a geodesics of M ,
thenM is called a Hopf hypersurface. In this case ξ is a principal curva-
ture vector ofM everywhere and we have Sξ = αξ, where α = g(Sξ, ξ)
is the Reeb curvature of M . It is shown that for a real Hopf hyper-
surface, α is constant if and only if M is A-principal or A-isotropic,
that is, the normal vector field N is either A-principal or A-isotropic
everywhere on M (see [16]).
Two groups SOm+1 ⊂ SOm+2 and Uk+1 ⊂ SOm+2, with m = 2k, act
by cohomogeneity one on Qm, namely, the minimum codimension of
their orbits is one. The action of SOm+1 produces two singular orbits:
one is the totally geodesic complex hypersurface Qm−1 ⊂ Qm and the
other one is a totally geodesic m-dimensional sphere Sm. Tubes around
a totally geodesic Qm−1 in Qm are examples of A-principal real hyper-
surfaces. These tubes admit contact structure and, in fact, it is proved
that they are the only contact A-principal real Hopf hypersurfaces in
Qm.
The action of Uk+1 on even dimensional complex quadric Q
m (m =
2k) also has two singular orbits and both of them are CP k embedded
in Qm as a complex submanifold. Tubes around a totally geodesic CP k
are of radius 0 < r < pi/2 and they are examples of A-isotropic hy-
persurfaces in Qm. Properties of these tubes are given in the following
theorem.
Theorem 2.2 ([2]). Let M be a tube of radius 0 < r < pi/2 around a
totally geodesic CP k in Q2k, k ≥ 2. Then
(i) M is a Hopf hypersurface.
(ii) The tangent bundle TM and the normal bundle νM of M con-
sist of A-isotropic singular tangent vectors of Q2k.
(iii) The eigenvalues of the shape operator S of M and their multi-
plicities and corresponding eigenspaces are given in Table 2.2.
(iv) The shape operator S and the structure tensor φ of M commute
with each other, that is, Sφ = φS.
(v) The Reeb flow on M is an isometric flow.
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Moreover, it is also shown in [2] that properties (iv) and (v) are equiv-
alent on a real Hopf hypersurface inQm and tubes around a CP k ⊂ Qm,
with m = 2k are the only hypersurfaces which have these properties.
3. Real hypersurfaces with φRξ = Rξφ
In this section we study real hypersurfaces in Qm with the property
that their structure Jacobi operator commutes with their structure
tensor i.e., φRξ = Rξφ.
The structure Jacobi operator for the hypersurface M is defined by
Rξ = R(., ξ)ξ. By (3) one has
Rξ(X) = X − η(X)ξ + (BX ∧Bξ)ξ + g(AN,X)φAξ + (SX ∧ Sξ)ξ
= X − η(X)ξ + (AX ∧Aξ)ξ + g(AN,X)φAξ + (SX ∧ Sξ)ξ
(4)
in which, since X is tangent to M , one may replace BX ∧ Bξ with
AX ∧ Aξ. Moreover, from the Codazzi equation we get
(∇XS)Y − (∇Y S)X =η(X)φY − η(Y )φX − 2g(φX, Y )ξ
+ g(AN,X)AY − g(AN, Y )AX
+ g(Aξ,X)JAY − g(Aξ, Y )JAX
(5)
If we apply η to both sides of (4) then
η(Rξ(X)) =η(X)− η(X)η(ξ) + g(Aξ, ξ)η(AX)− g(AX, ξ)η(Aξ)
− g(AN,X)η(AN) + g(Sξ, ξ)η(SX)− g(SX, ξ)η(Sξ)
=0
for every X ∈ TM , from which and (4) one gets
φRξ(X) =JRξ(X)
=JX − η(X)Jξ + g(Aξ, ξ)JAX − g(Aξ,X)JAξ
− g(AN,X)JAN + g(Sξ, ξ)JSX − g(SX, ξ)JSξ
=φX + g(Aξ, ξ)JAX + g(Aξ,X)AN − g(AN,X)Aξ
+ g(Sξ, ξ)JSX − g(SX, ξ)JSξ
(6)
On the other hand, we get Rξφ(X) = Rξ(φX) using equation (4) as
Rξφ(X) =φX + g(Aξ, ξ)AφX − g(AN,X)Aξ + g(Aξ,X)AN
+ η(X)g(AN,N)AN + g(Sξ, ξ)SφX − g(SφX, ξ)Sξ (7)
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Let the structure Jacobi operator Rξ commute with the structure
tensor φ. Then from equations (6) and (7) we obtain
0 =φRξ(X)−Rξφ(X)
=g(Aξ, ξ)(JAX − AφX) + η(X)g(AN,N)AN + g(Sξ, ξ)(JSX − SφX)
− g(SX, ξ)JSξ + g(SφX, ξ)Sξ
=g(Aξ, ξ)AφX + g(Sξ, ξ)(φS − Sφ)X − g(SX, ξ)φSξ + g(SφX, ξ)Sξ
(8)
Taking inner product of (8) with ξ and using g(AφX, ξ) = g(AN,X)
implies
0 = g(Aξ, ξ)g(AN,X) (9)
for every X ∈ TM . Thus, at each point either g(Aξ, ξ) or g(AN,X),
for every X ∈ TM , vanishes. In the first case we have g(AN,N) =
−g(Aξ, ξ) = 0 and in the second case it follows that AN ∈ CN . So, by
Lemma 2.1 at each point ofM the normal vector N is either A-principal
or A-isotropic. Moreover, equation (8) becomes
0 = α(φS − Sφ)X − g(SX, ξ)φSξ + g(SφX, ξ)Sξ (10)
where α = g(Sξ, ξ) is the Reeb curvature function. Note that since we
have not assumed the hypersurfaceM to be Hopf, the relation Sξ = αξ
does not necessarily hold.
Given a point [z] ∈M , assume that N is A-principal at [z] and hence
in a neighborhood of [z] inM . By Lemma 2.1 every conjugation A ∈ A
leaves C[z] invariant. Let A be a section of A that leaves N invariant
then the subspace C[z] splits orthogonally into
C[z] = V (A|C)⊕ JV (A|C)
where V (A|C) and JV (A|C) denote +1 and −1-eigenspaces of A|C, re-
spectively. One can see from AJ = −JA that φ maps V (A|C) onto
JV (A|C) and vice versa and according to [10, Lemma 6], SY = 0 for
Y ∈ JV (A|C).
Now let X = X+ + X− ∈ C[z] be such that SX = λX , for some
λ ∈ R, where X+ and X− are the components of X with respect to the
above decomposition for C[z]. From (10) we get
0 = λαφX+ + λαφX− − αφX− + g(SφX−, ξ)Sξ (11)
Apply A to (11) to get:
0 = −λαφX+ + λαφX− − αφX− + g(SφX−, ξ)ASξ (12)
Subtracting equations (11) and (12) gives us
0 = 2λαφX+ + g(SφX−, ξ)Sξ − g(SφX−, ξ)ASξ (13)
which by taking inner product with ξ concludes
0 = αg(SφX−, ξ)− g(SφX−, ξ)g(ASξ, ξ)
= 2αg(SφX−, ξ)
(14)
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If α is zero then we see from (10) that g(X,Sξ)φSξ = g(X, φSξ)Sξ
and from that we get
0 = g(X,Sξ)g(X, φSξ) (15)
for every X ∈ TM . Since the vectors Sξ and φSξ are orthogonal,
equation (15) holds for every X ∈ TM only if Sξ = 0, which, in fact,
means that M is Hopf. Next, let α be non-zero, then from (14) we get
g(SφX−, ξ) = 0 and then by (13) one concludes 0 = λαφX+. By our
assumption of m ≥ 3 and given the fact that the real codimension of
C in TM is one, it can be seen that either there exists some X ∈ C[z]
such that SX = λX with λ 6= 0 or the shape operator S is a scalar
multiplication of the identity on C[z]. The first cannot happen since
then it follows from (14) that α = 0. In the second case M is Hopf
and according to [10] it is (locally) a tube around a totally geodesic
Qm−1 in Qm. As we have considered A such that AN = N , M turns
out to have three distinct constant principal curvatures α, −α and 0 of
respective multiplicities 1, m−1 and m−1 and corresponding principal
spaces Rξ, V (A|C) and JV (A|C) (see [3]). Now, from (10) we obtain:
(Aφ− φA)X = α(Sφ− φS)X (16)
for every X ∈ TM . The above equation for X ∈ V (A|C) gives 2φX =
α2φX which clearly cannot hold if X is a non-zero vector. So, all
together, we have proved:
Proposition 3.1. Let M be a real hypersurface in Qm such that Rξφ =
φRξ. Then, the unit normal vector field N is A-isotropic everywhere
on M .
From now on we assume that the normal vector field N is A-isotropic
everywhere on M .
Proposition 3.2. Let M be a real hypersurface in Qm such that Rξφ =
φRξ. Then, M is a Hopf hypersurface.
Proof. Given Y ∈ TM , if we take covariant derivative of (10) in Y
direction and put X = ξ we get
Y (α)φSξ = g((∇Y S)ξ, ξ)φSξ
On the other hand, we have
Y (α) = g(∇Y Sξ, ξ) + g(Sξ,∇Y ξ)
= g((∇Y S)ξ, ξ) + 2g(SφSY, ξ)
Comparing these two equations yields φSξ = 0 or g(SY, φSξ) =
−g(SφSY, ξ) = 0. If φSξ = 0 at a point, then Sξ ∈ Rξ which means
M is Hopf at that point. For the other case, let φSξ be non-zero, then
g(SY, φSξ) vanishes for every Y ∈ TM . By taking covariant derivative
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of φSξ in the direction of ξ in Qm we get
∇¯ξφSξ = ∇ξφSξ + g(Sξ, φSξ)N
= (∇ξφ)(Sξ) + φ∇ξSξ
= αSξ − g(Sξ, Sξ)ξ + φ∇ξSξ
Applying J to the above equation gives
∇¯ξJφSξ = −∇¯ξSξ + ∇¯ξη(φSξ)N
= αJSξ − g((Sξ, Sξ)N −∇ξSξ + η(φ∇ξSξ)N
= αJSξ − g((Sξ, Sξ)N −∇ξSξ
while according to Weingarten formula ∇¯ξSξ = ∇ξSξ − g(Sξ, Sξ)N .
So, it follows that αJSξ = 0 which by our assumption that φSξ and
hence JSξ being non-zero, concludes α = 0. Putting α = 0 into (10)
implies
g(SX, ξ)φSξ = g(SφX, ξ)Sξ
which for X = Sξ becomes
g(Sξ, Sξ)φSξ = g(φSξ, Sξ)Sξ
The right hand side of the above equation is zero by our assumption
and thus we obtain g(Sξ, Sξ) = 0, and consequently, Sξ = 0. So, again
the hypersurface M turns out to be Hopf. 
Since we have proved thatM is Hopf, we can use the relation Sξ = αξ
hereafter. It is proved in [2] that a A-isotropic real Hopf hypersurface
in Qm has constant Reeb curvature. Hence, Proposition 3.2 together
with Proposition 3.1 implies
Proposition 3.3. Let M be a real hypersurface in Qm such that Rξφ =
φRξ. Then, the Reeb curvature function α is constant.
The typical examples of real Hopf hypersurfaces in Qm with A-
isotropic normal vector field are tubes around a totally geodesic CP k,
with m = 2k. We conclude this section with the proof of our main
result of the section, Theorem 1.1, which determines these tubes as the
only hypersurfaces with non-zero Reeb curvature satisfying the relation
Rξφ = φRξ.
Proof of Theorem 1.1. Note that equations (6) and (7) now become
φRξ(X) = φX + g(Aξ,X)AN − g(AN,X)Aξ + αφSX
and
Rξφ(X) = φX + g(Aξ,X)AN − g(AN,X)Aξ + αSφX
and thus we have
φRξ(X)− Rξφ(X) = α(φS − Sφ)X (17)
By Theorem 2.2, tubes around CP k ⊂ Qm, with m = 2k, have
isometric Reeb flow, or equivalently, have commuting shape operator
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(Sφ = φS). Moreover, these tubes are the only real Hopf hypersurfaces
in Qm with isometric Reeb flow. On the other hand, according to (17),
if α is non-zero the condition Rξφ = φRξ on M is equivalent to having
commuting shape operator. 
4. Reeb flat real Hopf hypersurfaces
In this section we investigate real Hopf hypersurfaces in Qm with
α = 0 known as Reeb flat hypersurfaces.
As we mentioned earlier for a real Hopf hypersurface in Qm if α is
constant then the normal vector field N is either A-principal or A-
isotropic everywhere on M . Our first result in this section rules out
that N can be A-principal in the Reeb flat case:
Proposition 4.1. Let M be a Reeb flat real Hopf hypersurface in Qm.
Then, the normal vector field N is A-isotropic everywhere on M .
Proof. From (5) we get
1
2
η((∇XS)Y − (∇Y S)X) =− g(φX, Y ) + g(X,AN)g(Y,Aξ)
− g(Y,AN)g(X,Aξ)
in which we used g(JX,Aξ) = −g(X, JAξ) = g(X,AN). On the other
hand, using ∇Xξ = φSX and the assumption Sξ = 0 one gets
η((∇XS)Y ) = g(∇XSY, ξ)− g(∇XY, Sξ)
= Xg(SY, ξ)− g(SY,∇Xξ)
= g(φSY, SX)
= g(SφSY,X)
and similarly g((∇Y S)X, ξ) = g(SφSY,X). So
η((∇XS)Y − (∇Y S)X) = 2g(SφSY,X) = −2g(Y, SφSX)
Comparing the above two expressions for η((∇XS)Y − (∇Y S)X) we
obtain
g(SφSX, Y ) =g(φX, Y )− g(X,AN)g(Y,Aξ)
+ g(Y,AN)g(X,Aξ)
(18)
which for X = ξ yields
g(ξ, AN)g(Y,Aξ) = g(Y,AN)g(ξ, Aξ) (19)
Let A be a conjugation for which N = cos(t)Z1 + sin(t)JZ2 where
Z1, Z2 ∈ V (A) are orthonormal and 0 ≤ t ≤ pi/4. Then
AN = cos(t)Z1 − sin(t)JZ2,
ξ = sin(t)Z2 − cos(t)JZ1,
Aξ = sin(t)Z2 + cos(t)JZ1.
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So, g(ξ, AN) = 0 and from (19) we get g(Y,AN)g(ξ, Aξ) = 0. If
g(ξ, Aξ) = 0 then N is A-isotropic. Otherwise g(Y,AN) = 0 for every
Y , which means that AN ∈ CN and thus by Lemma 2.1 N is A-
principal and we may assume AN = N .
If N is A-principal then as in the proof of Proposition 3.1 one can see
that J(A|C) ⊂ ker S. On the other hand, if SX = 0 for any X ∈ C (i.e.,
η(X) = 0) then by (18) we get g(φX, Y ) = g(SφSX, Y ) = 0, for every
Y , meaning that φX = 0. Hence, we have 0 = φ2X = −X − η(X)ξ =
−X which implies J(A|C) = {0} and this is a contradiction since we
have assumed that m ≥ 3. 
For any non-zero real eigenvalue λ of the shape operator S, let
Q[z](λ) denote its corresponding eigenspace of S in T[z]M . One can
see that Q[z](λ) ⊂ Q[z], and as a result Q[z] decomposes into Q[z] =⊕
λ6=0Q[z](λ). We have the following proposition on eigenvalues of the
shape operator of M .
Proposition 4.2. If 0 6= λ is an eigenvalue of S then so is 1
λ
and
for every X ∈ Q(λ) we have φX ∈ Q( 1
λ
). In particular, dimQ(λ) =
dimQ( 1
λ
).
Proof. Equation (18) can be written as
SφSX = φX − g(X,AN)Aξ + g(X,Aξ)AN
According to Proposition 4.1, N is A-isotropic, and by Lemma 5.1
in [13] we have SAξ = SAN = 0. By applying S to both sides of the
above equation one gets
S2φSX = SφX ∀X ∈ T[z]M (20)
It follows form (20) that if SX = 0 then SφX = 0, as well. Also,
using
g(φX, Y ) = −1
λ
g(SX, φY ) = −1
λ
g(X,SφY )
one can see that if X ∈ Q(λ) and SY = 0 then g(φX, Y ) = 0. Let X ∈
Q(λ), λ 6= 0, and choose Y ∈ Q(µ) for some µ such that g(φX, Y ) 6= 0.
Note that µ has to be non-zero. Then we have
g(S2φSX, Y ) = g(φSX, S2Y ) = λµ2g(φX, Y )
We can also use (20) to calculate
g(S2φSX, Y ) = g(φX, SY ) = µg(φX, Y )
Comparing the above equations we get λµ2 = µ and therefore µ = 1
λ
.
So, 1
λ
is also an eigenvalue of S.
Let us write φX =
∑
fiYi with respect to the decomposition Q[z] =⊕
λ6=0Q[z](λ) where Yi ∈ Q(µi). As we have just shown if fi 6= 0,
for any i, then it turns out that µi =
1
λ
and thus we have SφX =∑
fi
1
λ
Yi =
1
λ
φX , hence, φX ∈ Q( 1
λ
), as we claimed. 
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So, given a basis X1, . . . , Xk for Q(λ), φX1, . . . , φXk is a basis for
Q( 1
λ
). Note also that SφSX = λ 1
λ
φX = φX for X ∈ Q(λ) and
therefore
SφSX = φX (21)
for all X ∈⊕λ6=0Q(λ).
The proof of the previous proposition, in particular, implies that the
subspaces Q⊥ and Q(λ)⊕Q( 1
λ
) are invariant under both S and φ.
Proposition 4.2 imposes a rather striking condition on tubes around
CP k for being flat, so that as stated in Theorem 1.2 only one of them
turns out to be flat. Here is the proof of the theorem.
Proof of Theorem 1.2. We see from Proposition 4.2 that SφX = 1
λ
φX
and φSX = λφX for X ∈ Q(λ). So, the only possible non-zero val-
ues for λ in order that the shape operator S to be commuting are +1
and −1. Therefore, if S is commuting it has three distinct eigenval-
ues 0, −1, and 1 with respective multiplicities 3, m − 4/2, m − 4/2
and eigenspaces span{ξ, Aξ, AN}, Q(1) and Q(−1), where Q(1) and
Q(−1) are φ-invariant and m turns out to be even. So, it follows from
Theorem 2.2 that M is a tube of radius pi
4
around a CP k ⊂ Qm with
m = 2k.

The shape operator of M is said to be of Codazzi type if (∇XS)Y =
(∇Y S)X for all tangent vector fields X and Y on M .
In the next proposition we give some features of Reeb flat hypersur-
faces which show that they are different from some known families of
hypersurfaces such as contact, co-symplectic and (nearly) Kenmutso
hypersurfaces in Ka¨hler manifolds.
Proposition 4.3. Let M be a Reeb flat real Hopf hypersurface in Qm.
Then
(i) the tensor η((∇XS)Y is not symmetric with respect to X and
Y ; in particular, the shape operator of M is not of Codazzi type,
(ii) M is not contact,
(iii) dη does not vanish identically at any point.
Proof. Let M be a Reeb flat real Hopf hypersurface in Qm. Using 2
and equation (21) we get
η((∇XS)Y ) = g(∇XSY, ξ) = g(φSY, SX) = g(SφSY,X) = g(φY,X)
and then
η((∇XS)Y − (∇Y S)X) = 2g(φY,X)
for X, Y ∈ Q. The above equation shows that the tensor η((∇XS)Y )
is not symmetric with respect to X and Y since the right hand side of
the equation does not vanish for Y = φX . In particular, M is not of
Codazzi type.
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We also have
η(∇XY ) = Xη(Y )− g(Y,∇Xξ) = g(φY, SX)
from which we get
η([X, Y ]) = g(φY, SX)− g(φX, SY )
= g(SφY,X) + g(X, φSY )
= g((Sφ+ φS)Y,X)
and then with X ∈ Q(λ) and Y = φX one gets
η([X, φX ]) = (λ+
1
λ
)‖X‖2
IfM is contact, according to [4] there exists a non-zero constant K such
that (Sφ+ φS) = Kφ. For X ∈ Q(λ), the constant K must clearly be
λ + 1
λ
. While if we put X = Aξ then, since φAξ = −AJξ = AN , it
follows that SAξ = SAN = 0 and (Sφ+ φS)Aξ = 0 thus K should be
zero, a contradiction. Therefore, M cannot be a contact hypersurface.
To see that dη does not vanish identically at any point, note that
if dη ≡ 0 then η([X, Y ]) = 0 for all X, Y ∈ Rη⊥ and by the above
equation λ2 + 1 = 0 holds, which is not possible. 
In what follows we give some characterizations for Reeb flat hyper-
surfaces in terms of Ricci tensor.
By contracting equation (3) one gets
Ric(X) =(2m− 1)X −X − φ2X − 2φ2X − g(AN,N)AX
+ g(AX,N)AN − g(JAN,N)JAX −X
+ g(JAX,N)JAN − tr(S)SX − S2X
=(2m− 1)X − 3η(X)ξ − g(AN,N)AX + g(AX,N)AN
− g(JAN,N)JAX + g(JAX,N)JAN + tr(S)SX − S2X
which for Reeb flat hypersurfaces, where N is A-isotropic, becomes
Ric(X) =(2m− 1)X − 3η(X)ξ + g(X,AN)AN
− g(AX, ξ)JAN + tr(S)SX − S2X
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and then we have
Ric(ξ) =(2m− 1)ξ − 3ξ + g(ξ, AN)AN
+ g(Aξ, ξ)JAN − tr(S)Sξ − S2ξ
=(2m− 4)ξ
Ric(Aξ) =(2m− 1)Aξ − 3η(Aξ)ξ + g(Aξ,AN)AN
+ g(A2ξ, ξ)Aξ − tr(S)SAξ − S2Aξ
=(2m)Aξ
Ric(AN) =(2m− 1)AN − 3η(AN)ξ + g(AN,AN)AN
+ g(A2N, ξ)− tr(S)SAN − S2AN
=(2m)AN
and also for X ∈ Q(λ)
Ric(X) = (2m− 1 + λ. tr(S)− λ2)X
So, for a Reeb flat real Hopf hypersurface in Qm, the eigenspaces Q⊥
and Q(λ) are eigenspaces of the Ricci operator, as well, and we have
Ric(ξ) = (2m− 4)ξ,
Ric(Aξ) = (2m)Aξ,
Ric(AN) = (2m)AN,
Ric(X) = (2m− 1 + λ. trS − λ2)X, for all X ∈ Q(λ).
In the following proposition we determine non-zero principal curva-
tures and their principal curvature spaces of Reeb flat hypersurfaces
with parallel Ricci tensor.
Proposition 4.4. Let M be a Reeb flat real Hopf hypersurface in
Qm. If the Ricci tensor of M is parallel then its shape operator has
four distinct non-zero eigenvalues ±√3, ±
√
3
3
and their corresponding
eigenspaces are of the same dimension.
Proof. Let X ∈ Q(λ) then
Ric(∇Xξ) = Ric(φSX) = Ric(λφX) =
(
2m− 1 + tr(S) 1
λ
− 1
λ2
)
λφX
and
∇XRic(ξ) = ∇X(2m− 4)ξ = (2m− 4)∇Xξ = (2m− 4)φSX
Since the Ricci tensor is assumed to be parallel we get 2m − 4 =
2m− 1 + tr(S) 1
λ
− 1
λ2
which can be simplified as 3λ2 + tr(S)λ− 1 = 0.
The latter equation shows that λ takes two distinct non-zero values
λ1 and λ2, which according to Proposition 4.2, their corresponding
eigenspaces have the same dimension, say k. So, we have
tr(S) = λ1 + λ2 +
1
λ1
+
1
λ2
=
2
3
k tr(S)
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which implies tr(S) = 0 and therefore we get λ1 =
√
3
3
and λ2 = −
√
3
3
.
Thus, the Ricci tensor ofM has four distinct non-zero eigenvalues ±√3,
±
√
3
3
. 
Proof of Theorem 1.3. Let X ∈ Q(λ) then
Ric(φX) =
(
2m− 1 + 1
λ
. tr(S)− 1
λ2
)
φX
and
φ(Ric(X)) =
(
2m− 1 + λ. tr(S)− λ2)φX
So, the Ricci tensor is commuting if and only if 1
λ
. tr(S)− 1
λ2
= λ. tr(S)−
λ2 or, equivalently, λ4 − λ3. tr(S) + λ. tr(S)− 1 = 0. In this case, the
possible values of λ are
λ = 1,−1, tr(S)
2
+
√
tr(S)2 − 4/2, tr(S)
2
−
√
tr(S)2 − 4/2
As in the proof of Proposition 4.4 one can conclude that tr(S) = 0
and therefore the values taken by λ are +1 and −1. Also note that
dimQ(1) = dimQ(−1) and Sφ = φS. The result then follows from
Theorem 1.3. 
We recall that the Ricci tensor ofM is said to be Killing if (∇ξRic)X+
(∇XRic)ξ = 0 for every tangent vector field X on M . Here we give
the proof of Theorem 1.4 which states the Ricci tensor of a Reeb flat
hypersurface is parallel if it is Killing.
Proof of Theorem 1.4. From (5) we get
−φX = (∇XS)ξ − (∇ξS)X
= ∇XSξ − S∇Xξ − (∇ξS)X
= −SφSX − (∇ξS)X
for X ∈ Q, which according to (21) yields
(∇ξS)X = 0 (22)
Next, we show that ∇ξX ∈ Q. Hence, since M is Hopf and Sξ = 0
one has
g(∇ξX, ξ) = ξg(X, ξ)− g(X,∇ξξ) = 0
and also
g(∇ξX,Aξ) = ξg(X,Aξ)− g(X,∇ξAξ)
= −g(X, ∇¯ξAξ)
= −g(X, q(ξ)AN)
= 0
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where we used (∇¯ξA)ξ = q(ξ)AN and (∇¯ξA)ξ = ∇¯ξAξ − A(∇¯ξξ) =
∇¯ξAξ. Similarly, for g(∇ξX,AN) we have
g(∇ξX,AN) = ξg(X,AN)− g(X,∇ξAN)
= −g(X, ∇¯ξAN)
= g(X, q(ξ)Aξ)
= 0
in which (∇¯ξA)N = −q(ξ)Aξ and (∇¯ξA)N = ∇¯ξAN − A(∇¯ξN) =
∇¯ξAN have been used. Therefore ∇ξX is perpendicular to Q⊥ =
span{ξ, Aξ, AN} and thus ∇ξX ∈ Q. Moreover, we show that ∇ξX ∈
Q(λ) if X is a unit vector field in Q(λ). In fact, let Y ∈ Q(µ) be
orthogonal to X so that g(∇ξX, Y ) 6= 0, then
g(∇ξX, Y ) = 1
µ
g(∇ξX,SY ) = 1
µ
g(S∇ξX, Y ) = g(∇ξSX, Y )
On the other hand
g(∇ξX, Y ) = 1
µ
(ξg(SX, Y )− g(SX,∇ξY )
= −λ
µ
g(X,∇ξY )
= −λ
µ
(ξg(X, Y )− g(Y,∇ξX)
= −λ
µ
g(Y,∇ξX)
So, it follows that λ = µ and ∇ξX ∈ Q(λ).
We define a function f onM by f = 2m−1+λ. tr(S)−λ2. Then we
have Ric(∇ξX) = f∇ξX and ∇ξRicX = ∇ξ(fX) = ξ(f)X + f∇ξX
from which one gets (∇ξRic)X = ξ(f)X . We also have
(∇XRic)ξ = ∇XRic(X)− Ric(∇Xξ)
= (2m− 4)∇Xξ − λ.Ric(φSX)
= (2m− 4)φSX − λ.Ric(φX)
= λ(−3− λ. tr(S) + λ2)φX
If the Ricci tensor of M is Killing, that is, (∇ξRic)X + (∇XRic)ξ = 0,
then from the above equations we get
ξ(f)X = −λ(−3− λ. tr(S) + λ2)φX
which shows that the function f is constant in the direction of ξ and
λ(−3−λ. tr(S)+λ2) = 0. Then, as in the proof of Proposition 4.4, one
can see that tr(S) = 0 and the shape operator S has four distinct non-
zero eigenvalues ±√3, ±
√
3
3
with corresponding eigenspaces of the same
dimension. In particular, it turns out that in this case (∇ξRic)X =
(∇XRic)ξ = 0 and the Ricci tensor is parallel. 
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Finally, we have the following proposition on principal curvatures
and shape operator of Reeb flat hypersurfaces in Qm.
Proposition 4.5. Let M be a Reeb flat real Hopf hypersurface in Qm.
Then its principal curvatures are constant along ξ. Moreover, the shape
operator is Reeb parallel, namely, ∇ξS = 0.
Proof. Let λ be a principal curvature of M . Using (22) we have
∇ξSX = S∇ξX for all X ∈ Q . So, if X ∈ Q(λ), then as in the proof
of Theorem 1.4 we get ∇ξλX = λ∇ξX , that is, ξ(λ) + λ∇ξX = λ∇ξX
which gives ξ(λ) = 0 and thus λ is constant along ξ.
To prove that S is Reeb parallel, let Y ∈ Q⊥ then SY = 0. Moreover,
for any X ∈ Q(λ) we have λg(∇ξY,X) = −λg(Y,∇ξX). Since ∇ξX ∈
Q(λ) it follows that
λg(Y,∇ξX) = g(Y, S∇ξX) = g(SY,∇ξX) = 0
So, ∇ξY ∈ Q⊥ and S(∇ξY ) = 0. Consequently, (∇ξS)Y = 0 for all
Y ∈ Q⊥ which together with (22) implies that the shape operator is
Reeb parallel. 
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